l Introduction, An algebra 21 of continuous functions on a compact Hausdorff space C will be understood to be a set of complex-valued functions on C which is closed under the operations of addition, multiplication, and multiplication by complex numbers. The algebra 91 is called separating if to any two distinct points of C there exists a function in 31 which takes distinct values at the given points. The norm ||/11 of a continuous function / on a compact space is defined to be the maximum absolute value of the function. The algebra SI is thus a normed algebra. 21 is called a Banach algebra if it is complete with respect to its norm, i.e., if the limit of every uniformly convergent sequence of elements of 21 is in 2ΐ.
An important theorem of Silov (see [5] , p. 80) asserts that if 21 is a separating algebra of continuous functions on a compact Hausdorff space C then there is a smallest closed subset S of C having the property that every function of 2ί attains its maximum absolute value at some point of S. This set is called the Silov boundary of 21. A simple example is obtained by taking C to be a compact subset of the complex plane and 21 to be the set of all continuous functions on C which are analytic at interior points; in this case the Silov boundary of 21 coincides with the topological boundary of C.
Given a separating normed algebra 21 of continuous functions on a compact space C, it seems natural to ask, in view of Silov's theorem, whether there exists a smallest subset M (not necessarily closed) of C having the property that every function in 21 attains its maximum absolute value at some point of M. The answer in general is no. However, it will be shown (Theorem 1 below) that such a set M, called the minimal boundary of 21, always exists if in addition it is assumed that 21 is a Banach algebra and that there is a countable basis for the open sets of C, i.e., that C is metrizable. An example will be given to show that the metrizability of C is necessary.
If the minimal boundary M exists, it is clear that the closure of M is the Silov boundary. An example will be given to show that M need not be closed, so that M in general is smaller than the Silov boundary. This raises the question of the topological structure of M, which is answered (Theorem 2) by showing that M is a ft, i.e., a countable intersection of open sets.
The next portion of the paper concerns the representation of bounded linear functionals on 21 by measures. It is an easy consequence of the classical Hahn-Banach theorem and the Riesz representation theorem that any bounded linear functional φ on SI of norm 1 can be represented by a (complex-valued, Borel) measure μ of norm 1 on the Silov boundary S of 21, in the sense that φ(f) = \ fdμ for all / in 21. It is natural is to conjecture that μ can actually be taken to be a measure on the minimal boundary M of A. The author will devote a subsequent paper to a proof of this result and a consideration of related questions. Karl de Leeuw also has a proof of this result, based on work of Choquet [3] . In the present paper we prove a special case, which is needed to prove the general result and which will be sufficient for the applications considered here. This special case, Theorem 3 below, states that for any point x in C -M there exists a non-negative valued measure μ of norm 1 on
The final section is concerned with problems of approximation in one complex variable. Necessary and sufficient conditions are obtained on a compact set C without interior of the complex plane that every continuous function on C be uniformly approximable by rational functions whose poles lie in the complement of C. Mergelyan [6] has obtained sufficient conditions, of a different type, that the approximation be possible.
A summary of the results of this paper was given in [1] . Therefore S(g)ay h . Thus Sto)cΓ|7 fc = fl. Assume that S(g) contains more than one point. Since 21 separates points, there exists h 0 in 21 which is not constant on S(g). We may assume that the maximum of \h o \ on S(g) is 1 and that h 0 takes the value 1 at some point of S(g). If we set h -h 0 + hi, it follows that the maximum of \h\ on S(g) is 2 and that this maximum is attained only where h 0 takes the value 1. Thus \h\ is not constant on S(g). Therefore the set If xe C -\JV ny then \h Q (x)\ ^ 1 and
Since
it follows from the maximality of Γ o with respect to the finite intersection property that S(k) e Γ Q . Therefore
S(g)cf) Γo yc:S(k).
Since S(g) -E is non-void, this contradicts the fact that S(g) -E is disjoint from S(k). Therefore the assumption that S(g) contains more than one point is false. Thus S(g) consists of a single point
Thus S(f)ΓiM 0 is non-void, as was to be proved.
We now give an example to show that Theorem 1 fails if C is not metrizable. Let I denote the unit interval [0, 1] with the usual topology. Let Γ be an uncountable set. Let C consist of all families x = {x Λ } aeΣt with x Λ e I for each α. Thus C is the Cartesian product of an uncountable number of intervals, and is therefore compact. Let 21 consist of all continuous functions f on C which have the property that there exists a countable subset Δ of Γ such that f(x) -f{y) whenever x and y are points in C such that x Λ -y Λ for all a in Δ. It is easy to see that 21 is a separating Banach algebra of continuous functions on C. By the Stone-Weierstrass theorem it follows that 21 consists of all continuous functions on C. Let N λ = {x: x Λ -0 except for a countable set of a} and N 2 = {x: x Λ -1 except for a countable set of a}.
It is easy to see that Λ^ and N 2 bound 21. Since iVΊ Π JV" 2 is void, it follows that 2ί does not have a minimal boundary.
For an example of a function algebra whose minimal boundary is distinct from its Silov boundary, let C be the subset {z: \z\ = 1} of the complex plane and let 2ί consist of all continuous functions f on C which have the property that there exists a continuous function / on {z: \z\ ^ 1} such that f(z) = f(z) for z in C, such that / is analytic on {z: \z\ < 1}, and such that /(I) = /(0). It is easy to see that 2ΐ is a separating Banach algebra of continuous functions on C. It is also not difficult to show that the Silov boundary of 21 is C, whereas the minimal boundary of SI is the set {z: \z\ = 1, z Φ 1} = C -{1}. Thus xe(j,(/^). Therefore xe U n . Since this is true for each n, it follows that xef)U n .
Therefore Mcfl^. Now consider a fixed x in f\U n .
We must prove that xeM. To this end, we construct by induction a sequence {g n } of functions in 51 having the following properties:
We first construct gr lβ Since x e U lf there exists a function / in 21 such that H/ll ^ 1 and xeσ x {f). Let
Since |/(x)| > 3/4, we have ||^|| ^ 3/2 4/3 = 2 < 3(1 -2" 2 ), so that g x satisfies (ii). Clearly g λ {x) = 3(1 -2" 1 ), so that g 1 satisfies (iii). Hence g λ satisfies all of the relevant conditions. Assume now that g u * ,g k have been chosen to satisfy all of the relevant conditions. Since g k (x) = 3(l-2-fc ), there exists an integer j>k such that
Since # e U jy there exists a function / in Sϊ such that ||/|| ^ 1 and xeσ 3 
{f).
Define h = and that
If yeD } (x), then \g*M\ < \gM\ + \Kv)\
If y e C -Dj(a ), then
It follows that (ϋ) || fi f t+1 ||g3(l-2-' : -2 ).
Thus g k+1 has the relevant properties. We have thus constructed the sequence {g n }. By condition (i), the sequence {g n } converges uniformly on C to a function g in St. By (ii), ||g|| ^ 3. By (iii), flf(a?) = 3. If yeD n (x), then Hfl Tnl l + Σ lflr* + i(2/) -^(l/)l < 3(1 -2""-1 ) + Σ2" fc -1 < 3 .
Thus S(g) = {^}. Therefore xef, as was to be proved.
COROLLARY. // §1 is α separating Banach algebra of continuous functions on a compact metrizable Hausdorff space C, then the minimal boundary M of Sί is a countable intersection of open sets.

Representation by measures•
We now prove the fundamental result of this paper. n case C has no interior, we shall obtain in Theorem 5 below a necessary and sufficient condition that every continuous function on C be uniformly approximable by rational functions with poles in -C. of 2 is integrable with respect to Lebesgue measure dxdy over any finite region of the plane, and since μ is a finite measure on the compact set C, the integral Hz) = jo* -will exist for almost all values of z, and the function h(z) so defined, called the convolution of the measure μ and the function z~ι and written h = z~1*μ, will be integrable with respect to Lebesgue measure over any finite region of the plane. Since we have seen above that h(z) -0 if z is not in C, it follows that h is integrable.
Assume that the integrable function h vanishes almost everywhere, so that the integral h(z) = 1(2 -ζ)~ιdμ(ζ) exists and vanishes for almost all z. To obtain a contradiction from this assumption, we use the equation --= πδ ([7] p. 49) from the theory of distributions. This means oz z that for any function g on the complex plane which vanishes in a neighborhood of 00 and which has continuous partial derivatives of all orders we have
for all values of ξ. If we write g λ (z) = -χ (-~-+ i^-)9( z ) and integrate both sides of the above equation with respect to μ we obtain = 0 since h(z) vanishes almost everywhere. Λ The use of Fubini's theorem is justified since z -ξ, and therefore (z -ξ)-1 , is measurable with respect to the product of the measures g λ (z)dxdy and dμ(ξ) and since is finite. Now every continuous function g 0 on C can be uniformly approximated by such functions g, so that\g o (ξ)dμ(ζ) = 0. By the uniqueness part of the Riesz representation theorem, it follows that μ -0. This contradiction shows that there exists a set Γ of C of positive Lebesgue measure such that the integral h(z) exists and does not vanish for all z in Γ. We may clearly assume that at no point of Γ does μ have point mass.
Let z Q be any point in Γ, so that h(z Q ) = c exists and is not zero. Let / be any function in Aj(C) suc h that f(z 0 ) = 0. Let {/"} be a sequence of rational functions with poles in the complement of C converging uniformly to / on C. Since f n (z 0 )~> f(z 0 ) = 0 as n-> oo, we see that {g n } converges uniformly to / on C, where
Thus g n is a rational function with poles in -C which vanishes at z 0 , so that there exists a rational function g r n with poles in -C such that g n {z) = This is a contradiction, since f n e A L (C) This shows that z 0 is not in M. Since z 0 was any point in Γ we have ΓcC -M. Since Γ has positive measure, C -M has positive measure, as was to be proved.
To restate the theorem, if for every point z on C, with the possible exception of a set of measure 0, there exists a continuous function / on C with \f(z) I > \f(ξ) I for all ξ φ z in C which can be uniformly approximated by rational functions with poles in -C, then every continuous function on C can be uniformly approximated by rational functions whose poles lie in -C. Proof. The fact that M = M o is a special case of the corollary to Theorem 3. It is clear that (i) => (iii) ==> (ii). But (ii) =#> (i) by Theorem 4. Thus (i), (ii), and (iii) are equivalent. It is also clear that (i) => (iv). But (iv) implies that M Q = C. Thus (iv) => (iii). This proves Theorem 5.
Theorem 5 thus gives results concerning approximation on a nowhere dense subset of the complex plane by rational functions or by real parts of rational functions, and shows that the two problems are related. The results for approximation by the real parts of rational functions are similar in outward appearance to results of Brelot [2] and Deny [4] , who consider approximation by functions harmonic in a neighborhood of C, but there does not seem to be an essential connection, due to the fact that a function harmonic in the neighborhood of C need not be the real part of an analytic function, since the conjugate harmonic function might be multiple-valued.
